Abstract. M. Embry and A. Lambert initiated the study of a weighted translation semigroup {St}, with a view to explore a continuous analogue of a weighted shift operator. We continued the work, characterized some special types of semigroups and developed an analytic model for the left invertible weighted translation semigroup. This paper deals with the generalization of the weighted translation semigroup in multi-variable set up. We develop the toral analogue of the analytic model and also describe the spectral picture. We provide many examples of weighted translation semigroups in multi-variable case.
Introduction
The class of weighted shift operators has been systematically studied in [13] and generalized to multivariable set up in [9] . With a view to study a continuous analogue of weighted shifts, M. Embry and A. Lambert initiated the study of a semigroup of operators {S t } indexed by a non-negative real number t in [7] , [8] and termed it as weighted translation semigroup. The operators S t are defined on L 2 (R + ) by using a weight function. This work is continued in [10] , where we characterized some special types of weighted translation semigroups, especially, hyperexpansive weighted translation semigroups. In [11] , we proved that the weighted translation semigroup {S t } is analytic and possesses wandering subspace property. Also we proved that a left invertible operator S t is modeled as a multiplication by z on a suitable reproducing kernel Hilbert space. It turned out that the spectrum of a left invertible operator S t is a closed disc and the point spectrum is empty. In section 2, we introduce the commuting tuple S t containing operators of the form S it i ∈ B(L 2 (R + )) and discuss its properties. We present several examples in this section. In section 3, we prove that the tuple S t is analytic and possesses wandering subspace property. Also we prove that the tuple S t is unitarily equivalent to a commuting operator valued multishift. We also describe the toral analytic model for the toral left invertible tuple S t . Section 4 is devoted to the Taylor spectrum of the toral left invertible tuple S t . The work in section 3 and section 4 is motivated by [4] .
The d-torus centered at the origin and of polyradius r is denoted by T d r given by
The unit d-torus is denoted by T d .
Definition 2.1 :
We now recall some definitions useful in the sequel.
(1) An m-tuple S = (S 1 , · · · , S m ) of commuting operators S i in B(H) is subnormal if there exist a Hilbert space K containing H and an m-tuple (4) Given a commuting m-tuple T = (T 1 , · · · , T m ) of operators on H, the spherical generating 1-tuple associated with T is given by
(5) Fix an integer p ≥ 1. We say that T is a spherical p-expansion (resp.
where Q 0 s (I) = I. (6) We say that T is a spherical p-hyperexpansion (resp. spherical p-hypercontraction) if T is a spherical k-expansion (resp. spherical k-contraction) for all k = 1, · · · , p. If equality occurs in (2.1), then T is a spherical p-isometry.
(7) We say that T is a spherical complete hyperexpansion (resp. spherical complete hypercontraction) if T is a spherical p-expansion (resp. spherical p-contraction) for all positive integers p. The toral Cauchy dual of T is defined to be the m-tuple
In definitions (4),(5) and (6), if p = 1 then we drop the prefix 1-and if m = 1 then we drop the term spherical.
We now define the operator S t as defined in [10] , but in a notation suitable to multi-variable set up. For a fixed positive integer i, let ϕ i be a measurable, positive function on R + such that for each fixed t i ∈ R + , the function ϕ it i defined by
is essentially bounded.
Definition 2.2 : For a fixed positive integer i and each fixed t i ∈ R + , we define S it i on L 2 (R + ) by
The family
) is a semigroup with S i0 = I, the identity operator and for all t i , r i ∈ R + ,
We say that ϕ it i is a weight function corresponding to the operator S it i . Further, the semigroup G i = {S it i : t i ∈ R + } is referred to as the weighted translation semigroup with symbol ϕ i . Throughout this article, we assume that the symbol
if and only if
for all x ≥ t i + t j . Observe that if ϕ i = ϕ j , then the operators S it i and S j t j commute.
Example 2.4 :
The pair (S 1t 1 , S 2t 2 ) is commuting for the following symbols:
Recall that
Note that the semigroup
Remark 2.5 : 
is a toral isometry if and only if
I − S i * t i S it i = 0 for all 1 ≤ i ≤ d.
This is true if and only if
ϕ i (x) − ϕ i (x + t i ) = 0 for all x, t i ∈ R + , 1 ≤ i ≤ d. Therefore the semigroup G 1 × · · · × G d isset S = (T 1 / √ m, · · · , T m / √ m). If T
is a toral complete hyperexpansion (resp. toral p-expansion, toral p-isometry) then S is a spherical complete hyperexpansion (resp. spherical p-expansion, spherical p-isometry).
Note that if T is a complete hyperexpansion (resp. p-isometry) then the m-
We here quote proposition useful in constructing hyponormal tuples.
Proposition 2.7. [1, Proposition 3] Let S ∈ B(H). Then S is subnormal if and
Example 2.8 : 
(2) Let ϕ 1 (x) = √ x + 1. Since the function ϕ 1 is concave, each operator S 1t 1 in a weighted translation semigroup G 1 with symbol ϕ 1 is 2-hyperexpansion.
Hence the pair (S 1t 1 , S 1t 1 ) is a toral 2-hyperexpansion and the pair
Therefore the pair (S 1t 1 , S 2t 2 ), is a toral isometry and the pair
(4) Observe that each operator S 1t 1 in a weighted translation semigroup G 1 with symbol ϕ 1 (x, y) = x + 1 is a 2-isometry. Hence the pair (
is a toral 2-isometry and the pair (
, ϕ 3 (x) = e −x are completely monotone. Therefore each operator S it i in a weighted translation semigroup G i with symbol ϕ i , 1 ≤ i ≤ 3 is subnormal contraction.
Hence the pair (I, S it i ) is hyponormal.
Analytic Model
In this section, we prove that a commuting d-tuple
analytic and possesses wandering subspace property. Also a toral left invertible commuting d-tuple S t is modeled as multiplication by coordinate functions z i on a suitable reproducing kernel Hilbert space.
Recall that the Cauchy dual S ′ t of a left invertible operator S t is given by
Note that the toral Cauchy dual d-tuple (S 1
) is commuting if and only
We first describe the joint kernel E of the commuting d-tuple S * t = (S 1 *
).
For simplicity, we use notation
The result follows from the fact that
The result follows from the fact that, for ( 
Proposition 3.4. A commuting d-tuple S
possesses wandering subspace property.
Remark 3.5 : Using same technique given in the proof of [11, Proposition 3.4] , it can be proved that the commuting d-tuple S ′ t also possesses wandering subspace property.
We first define operator valued multishift. Let M be a nonzero complex Hilbert space and let l 2 M (N d ) denote the Hilbert space of square summable multisequence
is called an operator valued multishift with operator weights {W
The proof of the following proposition follows in a similar way as given in [4, Corollary 4.1.12].
is unitarily equivalent to a commuting operator valued multishift
We now define the kernel condition useful in constructing the analytic model. shifts on directed cartesian product of rooted directed trees.
Let E be the joint kernel of S * t and let 
where P is the orthogonal projection on E. The power series U f converges absolutely on the polydisc D d r . Let H denote the complex vector space of E-valued analytic functions of the form U f . We now define a map U : L 2 (R + ) → H given by U (f ) = U f . By definition, U is onto. We now need to show that U is injective.
This implies that P S ′
implies that the joint kernel of the tuple S ′ t * = E. By the wandering subspace property of the d-tuple
. By taking orthogonal complement on both sides, we get
The inner product on H can be now defined as
Since U is a sujective isometry, it is a unitary operator. A complete vector space H is now a Hilbert space. For f ∈ L 2 (R + ),
Note that by kernel condition,
Cauchy dual tuple S ′ t is commuting and S j ′ * t j S j t j = I, the sum on the right hand side of the last step is equal to z j k∈N
Hence U S j t j = M z j U.
Using Remark 3.3 and argument similar to [11, Theorem 3.7 (ii)], it can be
We now compute the reproducing kernel for the RKHS H associated to the operator tuple S t . These computations are similar as given in the proof of [14, Proposition 2.13]. Note
It can be seen that for f, g ∈ E and λ ∈ D d r ,
Hence H is a reproducing kernel Hilbert space with kernel k.
We now compute the reproducing kernel for the RKHS H associated to the pair (S 1t 1 , S 2t 2 ). For e ∈ E, z, λ ∈ D 2 r and x ∈ R + ,
Observe that
Example 3.9 :
(1) Let ϕ 1 (x) = a, ϕ 2 (x) = b. Then the pair (S 1t 1 , S 2t 2 ) is a toral isometry.
For e ∈ E, z, λ ∈ D 2 r and x ∈ R + ,
(2) Let ϕ 1 (x) = ϕ 2 (x). For e ∈ E, z, λ ∈ D 2 r and x ∈ R + ,
3.1. Spherical Analytic Model. We now turn our attention towards the spherical analogue of the Shimorin's analytic model. 
Taylor Spectrum
For the definition and basic properties of Taylor spectrum, the reader is referred to [6] .
Then clearly M θ is a unitary operator. It can be seen that the operator S j t j is unitarily equivalent to the operator e −iθt j S j t j . 
In particular, σ(S * t ) = σ(S t ).
For proving the connectedness of a Taylor spectrum of a commuting d-tuple S t , we need a lemma. Given a positive integer d, we set
Observe that ker
Let { ψ jk }, where j is an integer and k is a non-negative integer be an orthonormal basis of L 2 (R + ) as described in [11, Theorem 3.7(iv) ]. For fixed j and k, if k+1 2 j < it r , then ψ jk ∈ ker D T (i) . Therefore each ψ jk ∈ ker D T (i) for some non-negative integer i. Hence the orthonormal basis { ψ jk } ⊆ ∪ i∈N kerD T (i) . is Reinhardt.
Now

Remark 4.7 :
Recall that 0 ∈ σ(S t ). Suppose that the Taylor spectrum of a commuting d-tuple S t has spherical symmetry, that is, U z ∈ σ(S t ) whenever z ∈ σ(S t ) for every d × d unitary matrix U. Since every spherically symmetric, compact Reinhardt set containing 0 is a closed ball centered at 0, the Taylor spectrum of a commuting d-tuple S t in this case, is a closed ball centered at 0. isometry, then r = R = (1, · · · , 1). In this case, the Taylor spectrum is a polydisc.
